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THE FU-YAU EQUATION IN HIGHER DIMENSIONS
JIANCHUN CHU, LIDING HUANG, AND XIAOHUA ZHU
Dedicated to Professor Gang Tian on the occasion of his 60th birthday
Abstract. In this paper, we prove the existence of solutions to the
Fu-Yau equation on compact Ka¨hler manifolds. As an application, we
give a class of non-trivial solutions of the modified Strominger system.
1. Introduction
In 1985, Strominger proposed a new system of equations, now referred
as the Strominger system, on 3-dimensional complex manifolds [18]. This
system arises from the study on supergravity in theoretical physics. Mathe-
matically, the Strominger system can be regarded as a generalization of the
Calabi equation for Ricci-flat Ka¨hler metrics to non-Ka¨hler spaces [22]. It is
also related to Reid’s fantasy on the moduli space of Calabi-Yau threefolds
[15].
Let us first recall this system. Assume that X is a 3-dimensional Hermit-
ian manifold which admits a nowhere vanishing holomorphic (3, 0)-form Ω.
Let E → X be a holomorphic vector bundle with Hermitian metric H. The
Strominger system is given by
(1.1) FH ∧ ω2X = 0, F 2,0H = F 0,2H = 0;
(1.2) d∗ωX =
√−1(∂ − ∂) log ‖Ω‖ωX ;
(1.3)
√−1∂∂ωX − α
4
(trR ∧R− trFH ∧ FH) = 0,
where ωX is a Hermitian metric on X with the Chern curvature R and FH
is the curvature of Hermitian metrics (E,H). By tr, we denote the trace of
Endomorphism bundle of either E or TX.
To achieve a supersymmetry theory, both H and ωX have to satisfy (1.1)
and (1.2). (1.2) is also called the dilation equation. Li and Yau observed
that it is equivalent to a conformally balanced condition [12],
d(‖Ω‖ωXω2X) = 0.
The lest understood equation of the system is (1.3) known as the Bianchi
identity, which is also related to index theorey for Dirac operators ([4], [21]),
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the topological theory of string structures ([2], [16], [17]) and generalized
geometry ([1], [8], [9]). It is an equation on 4-forms and intertwines ωX with
the curvatures R and FH , which is very difficult to understand in view of
analysis.
We know little about the Strominger in general except for a few spe-
cial spaces on which one can make use of particular structures. In [12],
Li and Yau found the first irreducible smooth solution. They considered
a stable holomorphic bundle E of rank r = 4, 5 on a Calabi-Yau 3-fold X
and constructed a solution of the Strominger system as a perturbation of a
Calabi-Yau metric on X and a Hermitian-Einstein metric H on E.
In [6], Fu and Yau constructed non-perturbative, non-Ka¨hler solutions of
the Strominger system on a toric fibration over a K3 surface constructed
by Goldstein-Prokushki. Let us recall this construction. Let ω1 and ω2
be two anti-self-dual (1, 1) forms on a K3 surface (S, ωS) (ωS is a Ka¨hler-
Ricci flat metric on S) with a nowhere vanishing holomorphic (2, 0)-form ΩS
satisfying: [ω12pi ], [
ω2
2pi ] ∈ H1,1(S,Z). In [7], Goldstein-Prokushki constructed a
toric fibration pi : X → S which is determined by ω1, ω2 and a (1, 0) form θ
on X such that
Ω = pi∗(ΩS) ∧ θ
defines a nowhere vanishing holomorphic (3, 0) form on X. Then, for any
ϕ ∈ C∞(S), (X,ωϕ) always satisfies (1.2), where
ωϕ = pi
∗(eϕωS) +
√−1θ ∧ θ.
Thus if E → X is a degree zero stable holomorphic vector bundle with a
Hermitian-Einstein metric H on E, (pi∗E, pi∗H,X,ωϕ) satisfies both (1.1)
and (1.2). In [5], Fu and Yau showed that (1.3) for (pi∗E, pi∗H,X,ωϕ) is
equivalent to the following equation for ϕ, also called the Fu-Yau equation,
(1.4)
√−1∂∂(eϕωS − αe−ϕρ) + 2α
√−1∂∂ϕ ∧√−1∂∂ϕ+ µω
2
S
2!
= 0,
where ρ is a real-valued smooth (1, 1)-form, µ is a smooth function and α 6= 0
is a constant called slope parameter. They further proved the existence for
(1.4) in the case of α < 0 [6] and α > 0 [5] on Ka¨hler surfaces, respectively.
In higher dimensions, Fu and Yau proposed a modified Strominger system
for (E,H,X, ωX ),
FH ∧ ωnX = 0, F 2,0H = F 0,2H = 0;
d(‖Ω‖
2(n−1)
n
ωX ω
n
X) = 0;(√−1∂∂ωX − α
4
(trR ∧R− trFH ∧ FH)
)
∧ ωn−2X = 0.
Here X is an (n + 1)-dimensional Hermitian manifold, equipped with a
nowhere vanishing holomorphic (n+1, 0) form Ω. Clearly, the modified Stro-
minger system is the same as the original Strominger system when n = 2.
Given any Calabi-Yau manifold M with a nowhere vanishing holomorphic
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(n, 0) form ΩM , Goldstein-Prokushki’s construction gives rise to a toric fi-
bration pi : X 7→M as in case of K3 surfaces. Fu and Yau showed that the
modified Strominger system for (pi∗E, pi∗H,X,ωϕ) can be reduced to the
Fu-Yau equation on M ,√−1∂∂(eϕω − αe−ϕρ) ∧ ωn−2
+ nα
√−1∂∂ϕ ∧ √−1∂∂ϕ ∧ ωn−2 + µω
n
n!
= 0.
(1.5)
More recently, Phong, Picard and Zhang proved the existence for (1.5)
in higher dimensions when α < 0 [14]. However, the solvability of (1.5) in
higher dimensions is still open when α > 0. The purpose of present paper
is to give a complete solution in this case. Actually, we will give a unified
way for (1.5) in higher dimensions in both cases α > 0 and α < 0, more
precisely, we prove
Theorem 1.1. Let (M,ω) be an n-dimensional compact Ka¨hler manifold.
There exists a small constant A0 > 0 depending only on α, ρ, µ and (M,ω)
such that for any positive A 6 A0, there exists a smooth solution ϕ of (1.5)
satisfying the elliptic condition
(1.6) ω˜ = eϕω + αe−ϕρ+ 2nα
√−1∂∂ϕ ∈ Γ2(M),
and the normalization condition
(1.7) ‖e−ϕ‖L1 = A,
where Γ2(M) is the space of 2-th convex (1, 1)-forms (cf. Section 3).
Remark 1.2. We point out that if α < 0 and n = 2, our normalization
condition (1.7) is the same as that in [5]. However, in the case that α > 0
and n = 2, Fu and Yau [6] solved (1.5) under the normalization condition
‖e−ϕ‖L4 = A, which is stronger than (1.7). When α < 0 and n > 2, Phong,
Picard and Zhang used a different normalization condition ‖eϕ‖L1 = 1A .
Hence, our result is also new compared to the results cited above.
As a geometric application of Theorem 1.1, we prove
Theorem 1.3. For any n > 2, there exists a function ϕ ∈ C∞(M) such
that the Fu-Yau’s reduction (pi∗E, pi∗H,X,ωϕ) yields a smooth solution of
the modified Strominger system.
From the view point of PDE, (1.5) can be written as a 2-nd Hessian
equation of the form
σ2(ω˜) = F (z, ϕ, ∂ϕ),(1.8)
where
F (z, ϕ, ∂ϕ) =
n(n− 1)
2
(
e2ϕ − 4αeϕ|∂ϕ|2g
)
+
n(n− 1)
2
f(z, ϕ, ∂ϕ)
and f(z, ϕ, ∂ϕ) satisfies (cf. (3.1)),
|f(z, ϕ, ∂ϕ)| 6 C(e−2ϕ + e−ϕ|∇ϕ|2 + 1).
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There are many interesting works for the k-th complex Hessian equation
of the form:
σk(ω +
√−1∂∂ϕ) = F (z).(1.9)
For examples, Hou, Ma and Wu proved the second order estimate for (1.9)
[11]; Combining Hou-Ma-Wu’s estimate with a blow-up argument, Dinew
and Ko lodziej solved (1.9) [3]; Sze´kelyhidi, and also Zhang, obtained analo-
gous result in the Hermitian case [19], [23].
However, for the Fu-Yau equation (1.5), new difficulties arise because the
right hand side F of (1.8) depends on ∂ϕ. Moreover, (1.5) may become
degenerate when α > 0. This makes a big difference between the case α > 0
and the case α < 0. When α < 0, there is no issue on non-degeneracy.
However, when α > 0, one needs to establish a non-degeneracy estimate. In
dimension 2, Fu and Yau obtained such an estimate [6]. Unfortunately, their
arguments do not work in higher dimensions. It has been a main obstacle
to solving (1.5) in higher dimensions when α > 0.
In this paper, we find a new method for establishing the non-degeneracy
estimate. This estimate is different from either Fu-Yau’s one in [5, 6] or
Phong-Picard-Zhang’s one in [13, 14]. We regard the first and second order
estimates as a whole and derive the required non-degeneracy estimate. To
be more specific, assuming that
|∂∂ϕ|g 6 D0,
where D0 is a constant (depending only on n, α, ρ, µ and (M,ω)) to be
determined later, we derive a stronger gradient estimate ( independent of
D0) by choosing a small number A in (1.7) (cf. Proposition 3.1). Then
using this stronger gradient estimate, we obtain an improved estimate (cf.
Proposition 4.1),
|∂∂ϕ|g 6 D0
2
.
This can be used to obtain an a prior C2-estimate and consequently the
non-degeneracy estimate via the continuity method (cf. (5.8) in Section 5).
From the proof of Theorem 1.1, we also prove the following uniqueness
result of (1.5).
Theorem 1.4. The solution ϕ of (1.5) is unique if it satisfies (1.6), (1.7)
and
(1.10) e−ϕ 6 δ0, |∂∂ϕ|g 6 D, D0 6 D and A 6 1
C0M0D
,
where C0 is a uniform constant, and δ0,M0 and D0 are constants determined
in Proposition 2.1, Proposition 4.1, respectively.
Since the normalization condition (1.7) is different from ones in the previ-
ous works as in [5, 6, 13, 14], etc., we shall also derive C0, C1, C2-estimates
for solutions of (1.8) step by step.
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The paper is organized for each estimate in one section. Theorem 1.1 and
Theorem 1.4 are both proved in last section, Section 5.
Acknowledgements. On the occasion of his 60th birthday, the authors
would like to thank Professor Gang Tian for his guidance and encouragement
in mathematics. His insight and teaching in mathematics give us a lot of
benefits in past years. It is our pleasure to dedicate this paper to him.
2. Zero order estimate
In this section, we use the iteration method to derive the following zero
order estimate of ϕ to (1.5).
Proposition 2.1. Let ϕ be a smooth solution of (1.5). There exist constants
A0 and M0 depending only on α, ρ, µ and (M,ω) such that if
e−ϕ 6 δ0 :=
√
1
2|α|‖ρ‖C0 + 1
and ‖e−ϕ‖L1 = A 6 A0,
then
(2.1)
1
M0A
6 einfM ϕ and esupM ϕ 6
M0
A
.
Proof. We first do the infimum estimate. The supremum estimate depends
on the established infimum estimate. By the choice of δ0 and the condition
e−ϕ 6 δ0, it is clear that
(2.2) ω + αe−2ϕρ >
1
2
ω.
By the elliptic condition (1.6), we have for k > 2,
k
∫
M
e−kϕ
√−1∂ϕ ∧ ∂ϕ ∧ ω˜ ∧ ωn−2 > 0.
By the Stokes’ formula, it follows that
− k
∫
M
e−kϕ(eϕω + αe−ϕρ) ∧ √−1∂ϕ ∧ ∂ϕ ∧ ωn−2
6 2nαk
∫
M
e−kϕ
√−1∂ϕ ∧ ∂ϕ ∧ √−1∂∂ϕ ∧ ωn−2
= − 2nα
∫
M
√−1∂e−kϕ ∧ ∂ϕ ∧√−1∂∂ϕ ∧ ωn−2
= 2nα
∫
M
e−kϕ
√−1∂∂ϕ ∧ √−1∂∂ϕ ∧ ωn−2
= − 2
∫
M
e−kϕ
√−1∂∂(eϕω − αe−ϕρ) ∧ ωn−2 − 2
∫
M
e−kϕµ
ωn
n!
.
(2.3)
In the last equality, we used the equation (1.5).
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For the first term of right hand side in (2.3), we compute
− 2
∫
M
e−kϕ
√−1∂∂(eϕω − αe−ϕρ) ∧ ωn−2
= − 2k
∫
M
e−kϕ
√−1∂ϕ ∧ ∂(eϕω − αe−ϕρ) ∧ ωn−2
= − 2k
∫
M
e−kϕ(eϕω + αe−ϕρ) ∧ √−1∂ϕ ∧ ∂ϕ ∧ ωn−2
+ 2αk
∫
M
e−(k+1)ϕ
√−1∂ϕ ∧ ∂ρ ∧ ωn−2.
(2.4)
Substituting (2.4) into (2.3), we see that
k
∫
M
e−kϕ(eϕω + αe−ϕρ) ∧√−1∂ϕ ∧ ∂ϕ ∧ ωn−2
6 2αk
∫
M
e−(k+1)ϕ
√−1∂ϕ ∧ ∂ρ ∧ ωn−2 − 2
∫
M
e−kϕµ
ωn
n!
.
(2.5)
Combining (2.5) with (2.2) and the Cauchy-Schwarz inequality, it follows
that
k
∫
M
e−(k−1)ϕ|∂ϕ|2gωn 6 Ck
∫
M
(
e−(k+1)ϕ|∂ϕ|g + e−kϕ
)
ωn
6
k
2
∫
M
e−(k−1)ϕ|∂ϕ|2gωn + Ck
∫
M
(
e−(k+3)ϕ + e−kϕ
)
ωn.
Recalling e−ϕ 6 δ0, we get
k
2
∫
M
e−(k−1)ϕ|∂ϕ|2gωn 6 Ck(δ40 + δ0)
∫
M
e−(k−1)ϕωn,
which implies ∫
M
|∂e− (k−1)ϕ2 |2gωn 6 Ck2
∫
M
e−(k−1)ϕωn.
Replacing k − 1 by k, for k > 1, we deduce∫
M
|∂e− kϕ2 |2gωn 6 Ck2
∫
M
e−kϕωn.
Hence, by the Moser iteration together with (1.7), we obtain
‖e−ϕ‖L∞ 6 C‖e−ϕ‖L1 = CA.
As a consequence, we prove
(2.6)
1
M0A
6 einfM ϕ.
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Next we do the supremum estimate. By the similar calculation of (2.3)-
(2.5), for k > 1, we have
k
∫
M
ekϕ(eϕω + αe−ϕρ) ∧ √−1∂ϕ ∧ ∂ϕ ∧ ωn−2
6 2αk
∫
M
e(k−1)ϕ
√−1∂ϕ ∧ ∂ρ ∧ ωn−2 + 2
∫
M
ekϕµ
ωn
n!
.
Combining this with (2.2), we have∫
M
e(k+1)ϕ|∂ϕ|2gωn 6 C
∫
M
(
e(k−1)ϕ|∂ϕ|g + ekϕ
)
ωn.
Using e−ϕ 6 δ0 and the Cauchy-Schwarz inequality, it then follows that
(2.7)
∫
M
e(k+1)ϕ|∂ϕ|2gωn 6 C
∫
M
ekϕωn.
Moreover, by (2.6), we get
(2.8)
∫
M
ekϕ|∂ϕ|2gωn 6 C
∫
M
ekϕωn.
We will use (2.8) to do the iteration. We need
Claim 1.
‖eϕ‖L1 6
C
A
.(2.9)
Without loss of generality, we assume that Vol(M,ω) = 1. We define a
set by
U = {x ∈M | e−ϕ(x) > A
2
}.
Then by (2.6) and (1.7), we have
A =
∫
M
e−ϕωn
=
∫
U
e−ϕωn +
∫
M\U
e−ϕωn
6 e− infM ϕVol(U) +
A
2
(1−Vol(U))
6
(
M0 − 1
2
)
AVol(U) +
A
2
.
It implies
(2.10) Vol(U) >
1
C0
.
On the other hand, by the Poincare´ inequality and (2.7) (taking k = 1),
we have ∫
M
e2ϕωn −
(∫
M
eϕωn
)2
6 C
∫
M
|∂eϕ|2gωn 6 C
∫
M
eϕωn.
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By (2.10) and the Cauchy-Schwarz inequality, we obtain(∫
M
eϕωn
)2
6 (1 +C0)
(∫
U
eϕωn
)2
+
(
1 +
1
C0
)(∫
M\U
eϕωn
)2
6
4(1 + C0)
A2
(Vol(U))2 +
(
1 +
1
C0
)
(1−Vol(U))2
∫
M
e2ϕωn
6
4(1 + C0)
A2
+
(
1− 1
C20
)((∫
M
eϕωn
)2
+C
∫
M
eϕωn
)
.
Clearly, the above implies (2.9).
By Claim 1, (2.8) and the Moser iteration, we see that
‖eϕ‖L∞ 6 C‖eϕ‖L1 6
C
A
.
Thus
‖eϕ‖L∞ 6 C
A
.

3. First order estimate
In this section, we give the first order estimate of ϕ. For convenience, in
this and next section, we say a constant is uniform if it depends only on α,
ρ, µ and (M,ω).
Proposition 3.1. Let ϕ be a solution of (1.5) satisfying (1.6). Assume that
A
M0
6 e−ϕ 6M0A and |∂∂ϕ|g 6 D,
where M0 is a uniform constant. Then there exists a uniform constant C0
such that if
A 6 AD :=
1
C0M0D
,
then
|∂ϕ|2g 6M1,
where M1 is a uniform constant.
Remark 3.2. The key point in Proposition 3.1 is that M1 is independent
of D. The constant D can be chosen arbitrary large and the constant AD
depends on D. This will play an important role in the second order estimate
next section. In fact, we will determine D so that A can be determined (cf.
Proposition 4.1).
As usually, for any η = (η1, η2, · · · , ηn) ∈ Rn, we define
σk(η) =
∑
1<i1<···<ik<n
ηi1ηi2 · · · ηik ,
Γ2 ={η ∈ Rn | σj(η) > 0 for j = 1, 2}.
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Clearly σ2 is a 2-multiple functional. Then one can extend it to A
1,1(M) by
σk(α) =
(
n
k
)
αk ∧ ωn−k
ωn
, ∀ α ∈ A1,1(M),
where A1,1(M) is the space of smooth real (1,1) forms on (M,ω). Define a
cone Γ2(M) on A
1,1(M) by
Γ2(M) = {α ∈ A1,1(M) | σj(α) > 0 for j = 1, 2}.
Then, (1.5) is equivalent to (1.8) while the function f(z, ϕ, ∂ϕ) satisfies
fωn = 2αρ ∧ ωn−1 + α2e−2ϕρ2 ∧ ωn−2 − 4nαµω
n
n!
+ 4nα2e−ϕ
√−1 (∂ϕ ∧ ∂ϕ ∧ ρ− ∂ϕ ∧ ∂ρ− ∂ρ ∧ ∂ϕ+ ∂∂ρ) ∧ ωn−2.(3.1)
We will use (1.8) to apply the maximum principle to the quantity
Q = log |∂ϕ|2g +
ϕ
B
,
where B > 1 is a large uniform constant to be determined later.
Assume that Q achieves a maximum at x0. Let {ei}ni=1 be a local unitary
frame in a neighbourhood of x0 such that, at x0,
(3.2) g˜ij = δij g˜ii = δij(e
ϕ + αe−ϕρii + 2nαϕii).
For convenience, we use the following notation:
ωˆ = e−ϕω˜, gˆij = e
−ϕg˜ij and F
ij =
∂σ2(ωˆ)
∂gˆij
.
Since g˜ij(x0) is diagonal at x0, it is easy to see that
(3.3) F ij = δijF
ii = δije
−ϕ
∑
k 6=i
g˜kk.
By the assumption of Proposition 3.1, at the expense of increasing C0, we
have
(3.4) e−ϕ|∂∂ϕ|g 6M0DAD 6 1
1000Bn3|α| .
Combining this with (3.2) and (3.3), we get
(3.5)
∣∣∣F ii − (n − 1)∣∣∣ 6 1
100
.
We need to estimate the lower bound of F ijeiej(|∂ϕ|2g), where we are
summing over repeated indices. Note
|∂ϕ|2g =
∑
k
ϕkϕk,
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where ϕk = ek(ϕ) and ϕk = ek(ϕ), in the local frame {ei}ni=1. Then, at x0,
F ijeiej(|∂ϕ|2g) =
∑
j
F ii(|eiej(ϕ)|2 + |eiej(ϕ)|2)
+
∑
k
F ii
(
eieiek(ϕ)ϕk + eieiek(ϕ)ϕk
)
.
On the other hand, by the relation (see e.g. [10])
(3.6) ϕij = ∂∂ϕ(ei, ej) = eiej(ϕ)− [ei, ej](0,1)(ϕ),
we have
ek(ϕii) = ekeiei(ϕ)− ek[ei, ei](0,1)(ϕ)
= eieiek(ϕ) + [ek, ei]ei(ϕ) + ei[ek, ei](ϕ)− ek[ei, ei](0,1)(ϕ).
Thus combining this with (3.5), we get∑
k
F ii
(
eieiek(ϕ)ϕk + eieiek(ϕ)ϕk
)
>
∑
k
F ii
(
ek(ϕii)ϕk + ek(ϕii)ϕk
)− C|∂ϕ|g∑
i,j
(|eiej(ϕ)| + |eiej(ϕ)|) − C|∂ϕ|2g
>
∑
k
F ii
(
ek(ϕii)ϕk + ek(ϕii)ϕk
)− 1
10
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C|∂ϕ|2g.
Hence, we obtain
F ijeiej(|∂ϕ|2g) >
4
5
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C|∂ϕ|2g
+
∑
k
(
F iiek(ϕii)ϕk + ek(ϕii)ϕk
)
.
(3.7)
Next, we use equation (1.8) to deal with the third order terms in (3.7).
Lemma 3.3. At x0, we have∑
k
F ii
(
ek(ϕii)ϕk + ek(ϕii)ϕk
)
> − 1
5
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− 2(n − 1)Re
(∑
k
(|∂ϕ|2g)kϕk
)
−
(
Ce−ϕ +
1
B
)
|∂ϕ|4g − C|∂ϕ|2g − C.
Proof. By (1.8), we have
(3.8) σ2(e
−ϕω˜) = e−2ϕF (z, ϕ, ∂ϕ).
THE FU-YAU EQUATION IN HIGHER DIMENSIONS 11
Differentiating (3.8) along ek at x0, we get
F ijek(gij + αe
−2ϕρij + 2nαe
−ϕϕij)
= − 2αn(n − 1) (−e−ϕ|∂ϕ|2gϕk + e−ϕ(|∂ϕ|2g)k)+ n(n− 1)2 (e−2ϕf)k.
Then
2nαF iiek(ϕii) = 2αe
−ϕϕkF
iiρii − αe−ϕF iiek(ρii) + 2nαϕkF iiϕii
− 2αn(n − 1)(|∂ϕ|2g)k + 2αn(n− 1)|∂ϕ|2gϕk
− n(n− 1)e−ϕfϕk + n(n− 1)
2
e−ϕfk.
It follows that
∑
k
F ii
(
ek(ϕii)ϕk + ek(ϕii)ϕk
)
=
2
n
e−ϕ|∂ϕ|2gF iiρii −
1
n
e−ϕRe
(∑
k
F iiek(ρii)ϕk
)
+ 2|∂ϕ|2gF iiϕii
− 2(n− 1)Re
(∑
k
(|∂ϕ|2g)kϕk
)
+ 2(n− 1)|∂ϕ|4g −
n− 1
α
e−ϕ|∂ϕ|2gf
+
n− 1
2α
e−ϕRe
(∑
k
fkϕk
)
> − Ce−ϕ|∂ϕ|2g − Ce−ϕ|∂ϕ|g + 2|∂ϕ|2gF iiϕii − 2(n − 1)Re
(∑
k
(|∂ϕ|2g)kϕk
)
+ 2(n− 1)|∂ϕ|4g −
n− 1
α
e−ϕ|∂ϕ|2gf +
n− 1
2α
e−ϕRe
(∑
k
fkϕk
)
,
(3.9)
where we used (3.5) in the last inequality. On the other hand, by (3.1), a
direct calculation shows that
− n− 1
α
e−ϕ|∂ϕ|2gf +
n− 1
2α
e−ϕRe
(∑
k
fkϕk
)
> − C (e−2ϕ|∂ϕ|2g + e−2ϕ|∂ϕ|g)∑
i,j
(|eiej(ϕ)|+ |eiej(ϕ)|) − Ce−ϕ|∂ϕ|4g
− Ce−ϕ|∂ϕ|3g −Ce−ϕ|∂ϕ|2g − Ce−ϕ|∂ϕ|g
> − 1
10
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− Ce−ϕ|∂ϕ|4g − Ce−ϕ,
(3.10)
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where we used the Cauchy-Schwarz inequality in the last inequality. Thus
substituting (3.10) into (3.9), we derive∑
k
F ii
(
ek(ϕii)ϕk + ek(ϕii)ϕk
)
> 2|∂ϕ|2gF iiϕii + 2(n− 1)|∂ϕ|4g − 2(n− 1)Re
(∑
k
(|∂ϕ|2g)kϕk
)
− 1
10
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− Ce−ϕ|∂ϕ|4g −Ce−ϕ.
(3.11)
By (3.3), we have
2|∂ϕ|2gF iiϕii
= 2|∂ϕ|2g
∑
i
∑
k 6=i
(gkk + αe
−2ϕρkk + 2nαe
−ϕϕkk)ϕii
= 2(n− 1)|∂ϕ|2g∆ϕ+ 4nα|∂ϕ|2ge−ϕ
∑
i 6=k
ϕiiϕkk + 2αe
−2ϕ|∂ϕ|2g
∑
i 6=k
ϕiiρkk
> 2(n− 1)|∂ϕ|2g∆ϕ− 4n2(n − 1)|α|e−ϕ|∂ϕ|2g|∂∂ϕ|2g − Ce−2ϕ|∂ϕ|2g|∂∂ϕ|g.
(3.12)
Note that by (1.5) it holds
√−1∂∂(eϕω − αe−ϕρ) ∧ ωn−2
ωn
> −n|α||∂∂ϕ|2g − C,
which implies
(3.13) ∆ϕ+ |∂ϕ|2g > −n|α|e−ϕ|∂∂ϕ|2g − Ce−2ϕ|∂∂ϕ|g − Ce−2ϕ|∂ϕ|2g − C.
Then substituting (3.13) into (3.12), we get
2|∂ϕ|2gF iiϕii > − 2(n − 1)|∂ϕ|4g − 5n3|α|e−ϕ|∂ϕ|2g|∂∂ϕ|2g
− Ce−2ϕ|∂ϕ|2g |∂∂ϕ|g − Ce−2ϕ|∂ϕ|4g − C|∂ϕ|2g.
Thus by (3.4) and the Cauchy-Schwarz inequality, we derive
2|∂ϕ|2gF iiϕii + 2(n− 1)|∂ϕ|4g
> − 5n3|α|(e−ϕ|∂∂ϕ|g)(|∂ϕ|4g + |∂∂ϕ|2g)
− C(e−ϕ|∂∂ϕ|g)(e−ϕ|∂ϕ|2g)− Ce−2ϕ|∂ϕ|4g −C|∂ϕ|2g
> − 1
B
|∂∂ϕ|2g −
(
Ce−2ϕ +
1
B
)
|∂ϕ|4g −C|∂ϕ|2g
> − 1
10
∑
i,j
|eiej(ϕ)|2 −
(
Ce−2ϕ +
1
B
)
|∂ϕ|4g − C|∂ϕ|2g.
(3.14)
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Combining (3.11) and (3.14), we prove Lemma 3.3 immediately. 
By (3.7) and Lemma 3.3, we get a lower bound for F ijeiej(|∂ϕ|2g) at x0
as follows,
F ijeiej(|∂ϕ|2g)
>
3
5
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− 2(n− 1)Re
(∑
k
(|∂ϕ|2g)kϕk
)
−
(
Ce−ϕ +
1
B
)
|∂ϕ|4g − C|∂ϕ|2g − C.
(3.15)
Now we are in a position to prove Proposition 3.1.
Proof of Proposition 3.1. Without loss of generality, we assume that |∂ϕ|2g >
1. By (3.15) and the maximum principle, at x0, we see that
0 > F ijeiej(Q)
=
F ijeiej(|∂ϕ|2g)
|∂ϕ|2g
− F
ijei(|∂ϕ|2g)ej(|∂ϕ|2g)
|∂ϕ|4g
+
1
B
F ijeiej(ϕ)
>
1
2|∂ϕ|2g
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)−
2(n− 1)Re (∑k(|∂ϕ|2g)kϕk)
|∂ϕ|2g
− F
ii|ei(|∂ϕ|2g)|2
|∂ϕ|4g
−
(
Ce−ϕ +
1
B
)
|∂ϕ|2g − C +
1
B
F iieiei(ϕ).
(3.16)
The second and third terms in (3.16) can be controlled by the relation
dQ(x0) = 0. Namely, we have
(3.17) − 2(n − 1)Re
(∑
k(|∂ϕ|2g)kϕk
)
|∂ϕ|2g
=
2(n − 1)
B
|∂ϕ|2g
and
(3.18) − F
ii|ei(|∂ϕ|2g)|2
|∂ϕ|4g
= − 1
B2
F iiϕiϕi > −
C
B2
|∂ϕ|2g ,
where we used (3.5) in the last inequality. On the other hand, by (3.5) and
the Cauchy-Schwarz inequality, we have
(3.19)
1
B
F iieiei(ϕ) > − 1
4|∂ϕ|2g
∑
i,j
|eiej(ϕ)|2 − C
B2
|∂ϕ|2g.
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Thus substituting (3.17), (3.18), (3.19) into (3.16), we get
0 >
1
4|∂ϕ|2g
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C0
+
(
2n− 3
B
− C0
B2
− C0e−ϕ
)
|∂ϕ|2g ,
(3.20)
where C0 is a uniform constant.
We choose the number B = 2C0 in (3.20). Moreover, by the assumption
in the proposition we may also assume
C0e
−ϕ
6
1
8C0
.
Then, we get
|∂ϕ|2g(x0) 6 8C20 .
Hence, by Proposition 2.1, we obtain
max
M
|∂ϕ|2g 6 e
1
B
(supM ϕ−infM ϕ)|∂ϕ|2g(x0) 6 C,
as desired. 
The following lemma will be used in the next section.
Lemma 3.4. For a uniform constant C1, we have
F ijeiej(|∂ϕ|2g) >
1
2
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C1.
Proof. This lemma is an immediate consequence of (3.15), Proposition 3.1
and the Cauchy-Schwarz inequality. 
4. Second order estimate
This section is denoted to C2-estimate. We prove
Proposition 4.1. Let ϕ be a solution of (1.5) satisfying (1.6) and A
M0
6
e−ϕ 6 M0A for some uniform constant M0. There exist uniform constants
D0 and C0 such that if
|∂∂ϕ|g 6 D, D0 6 D and A 6 AD := 1
C0M0D
,
then
|∂∂ϕ|g 6 D
2
.
We consider the following quantity
Q = |∂∂ϕ|2g +B|∂ϕ|2g,
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where B > 1 is a uniform constant to be determined later. As in Section
3, we assume that Q(x0) = maxM Q and a local g-unitary frame {ei}ni=1 for
T
(1,0)
C
M around x0 such that g˜ij(x0) is diagonal. By the following notations,
ωˆ = e−ϕω˜, gˆij = e
−ϕg˜ij , F
ij =
∂σ2(ωˆ)
∂gˆij
and F ij,kl =
∂2σ2(ωˆ)
∂gˆij∂gˆkl
,
we have
F ij = δijF
ii = δije
−ϕ
∑
k 6=i
g˜kk
and
F ij,kl =


1, if i = j, k = l, i 6= k;
−1, if i = l, k = j, i 6= k;
0, otherwise.
By the assumption of Proposition 4.1, at the expense of increasing C0, we
may also assume that
(4.1) e−ϕ|∂∂ϕ|g 6 1
1000n3|α|B .
Hence, we get
(4.2) |F ii − (n− 1)| 6 1
100
and |F ij,kl| 6 1.
We need the following lemma.
Lemma 4.2. At x0, we have
|F iieiei(ϕkl)| 6 8n|α|e−ϕ
∑
i,j,p
|epeiej(ϕ)|2 + C
∑
i,j,p
|epeiej(ϕ)|
+ C
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2) +C.
Proof. Differentiating (3.8) twice along ek and e¯l at x0, we have
F ij,pqek(e
−ϕg˜ij)el(e
−ϕg˜pq) + F
ijekel(e
−ϕg˜ij)
= −2n(n− 1)αekel(e−ϕ|∂ϕ|2g) +
n(n− 1)
2
ekel(e
−2ϕf).
(4.3)
Let
I1 = − F ij,pqek(e−ϕg˜ij)el(e−ϕg˜pq),
I2 = − 2n(n− 1)αekel(e−ϕ|∂ϕ|2g),
I3 =
n(n− 1)
2
ekel(e
−2ϕf).
Then (4.3) becomes
(4.4) F ijekel(e
−ϕg˜ij) = I1 + I2 + I3.
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We estimate each term in (4.4) below. For I1, by (4.2), Proposition 3.1 and
the Cauchy-Schwarz inequality, we have
|I1| 6
∑
i,j,k
∣∣∣ek(αe−2ϕρij + 2nαe−ϕϕij)∣∣∣2
6 2
∑
i,j,k
∣∣∣ek(2nαe−ϕϕij)∣∣∣2 + 2∑
i,j,k
∣∣∣ek(αe−2ϕρij)∣∣∣2
6 8n2α2e−2ϕ
∑
i,j,k
∣∣∣ekeiej(ϕ)− ek[ei, ej](0,1)(ϕ)− ϕkϕij∣∣∣2 + Ce−4ϕ
6 16n2α2e−2ϕ
∑
i,j,k
|ekeiej(ϕ)|2 + Ce−2ϕ
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)+ Ce−2ϕ,
where we used (3.6) in the last inequality. Similarly, for I2 and I3, we get
|I2| 6 Ce−ϕ
∑
i,j,p
|epeiej(ϕ)| +Ce−ϕ
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)+Ce−ϕ
and
|I3| = n(n− 1)
2
e−2ϕ
∣∣4ϕkϕlf − 2ekel(ϕ)f − 2ϕlfk − 2ϕkfl + ekelf ∣∣
6 Ce−2ϕ
∑
i,j,p
|epeiej(ϕ)|+ Ce−2ϕ
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)+Ce−2ϕ,
where we used Proposition 3.1 and (3.1). Thus substituting these estimates
into (4.4), we obtain
|F iiekel(e−ϕg˜ii)|
6 16n2α2e−2ϕ
∑
i,j,p
|epeiej(ϕ)|2 + Ce−ϕ
∑
i,j,p
|epeiej(ϕ)|
+Ce−ϕ
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2) + Ce−ϕ.
(4.5)
On the other hand, by the definition of g˜ii and (3.6), we have
F iiekel(e
−ϕg˜ii) = αF
iiekel(e
−2ϕρii) + 2nαF
iiekel(e
−ϕϕii)
= αF iiekel(e
−2ϕρii) + 2nαF
iiekel(e
−ϕeiei(ϕ))
− 2nαF iiekel(e−ϕ[ei, ei](0,1)(ϕ)).
Then by (4.2) and Proposition 3.1, it follows that
|2nαe−ϕF iiekeleiei(ϕ)| 6 |F iiekel(e−ϕg˜ii)|+ Ce−ϕ
∑
i,j,p
|epeiej(ϕ)|
+ Ce−ϕ
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2) + Ce−ϕ.
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Thus substituting (4.5) into the above inequality, we derive
|F iiekeleiei(ϕ)| 6 8n|α|e−ϕ
∑
i,j,p
|epeiej(ϕ)|2 + C
∑
i,j,p
|epeiej(ϕ)|
+C
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2) + C.
(4.6)
Note that
eieiekel(ϕ) = ekeleiei(ϕ) + ek[ei, el]ei(ϕ) + [ei, ek]elei(ϕ)
+ eiek[ei, el](ϕ) + ei[ei, ek]el(ϕ).
(4.7)
Since (M,ω) is Hermitian, near x0, [ei, ek] is a (1, 0) vector field and [ei, el]
is a (0, 1) vector field. By (4.2) and (4.6), we see that
|F iieieiekel(ϕ)| 6 |F iiekeleiei(ϕ)|+ C
∑
i,j,p
|epeiej(ϕ)|
+ C
∑
i,j
(|eiej(ϕ)| + |eiej(ϕ)|)
6 8n|α|e−ϕ
∑
i,j,p
|epeiej(ϕ)|2 +C
∑
i,j,p
|epeiej(ϕ)|
+ C
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2) + C.
As a consequence, we obtain
|F iieiei(ϕkl)| 6 |F iieieiekel(ϕ)| + |F iieiei[ek, el](0,1)(ϕ)|
6 8n|α|e−ϕ
∑
i,j,p
|epeiej(ϕ)|2 + C
∑
i,j,p
|epeiej(ϕ)|
+ C
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2) +C.
The lemma is proved. 
18 J. CHU, L. HUANG, AND X. ZHU
Proof of Proposition 4.1. By Lemma 4.2 and the Cauchy-Schwarz inequal-
ity, at x0, we have
F iieiei(|∂∂ϕ|2g) = 2
∑
k,l
F iieiei(ϕkl)ϕlk + 2
∑
k,l
F iiei(ϕkl)ei(ϕlk)
> − 2|∂∂ϕ|g
∑
k,l
|F iieiei(ϕkl)|+
1
2
∑
i,j,p
|epeiej(ϕ)|2
− C
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C
>
(
1
4
− 8n3|α|e−ϕ|∂∂ϕ|g
)∑
i,j,p
|epeiej(ϕ)|2 − C
− C(|∂∂ϕ|g + 1)
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2).
Recalling (4.1) and |∂∂ϕ|g 6 D. Thus
F iieiei(|∂∂ϕ|2g) > −C0(D + 1)
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C0,
where C0 is a uniform constant. On the other hand, by Lemma 3.4, we have
F iieiei(|∂ϕ|2g) >
1
2
∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C1.
Hence, by the maximum principle, at x0, we get
0 > F iieiei(Q)
= F iieiei(|∂∂ϕ|2g) +BF iieiei(|∂ϕ|2g)
>
(
B
2
− C0D − C0
)∑
i,j
(|eiej(ϕ)|2 + |eiej(ϕ)|2)− C0 − C1B.
Choose B = 8C0D + 8C0. It follows that
|∂∂ϕ|2g(x0) 6 C.
Therefore, by Proposition 3.1, at the expense of increasing D0, we obtain
max
M
|∂∂ϕ|2g 6 |∂∂ϕ|2g(x0) +BC 6 CD 6
D2
4
.

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5. Proofs of Theorem 1.1 and Theorem 1.4
In this section, we prove Theorem 1.1 and Theorem 1.4. We use the
continuity method and consider the family of equations (t ∈ [0, 1]),
√−1∂∂(eϕω − tαe−ϕρ) ∧ ωn−2
+ nα
√−1∂∂ϕ ∧√−1∂∂ϕ ∧ ωn−2 + tµω
n
n!
= 0,
(5.1)
where ϕ satisfies the elliptic condition,
(5.2) eϕω + tαe−ϕρ+ 2nα
√−1∂∂ϕ ∈ Γ2(M)
and the normalization condition
(5.3) ‖e−ϕ‖L1 = A.
We shall prove that (5.1) is solvable for any t ∈ [0, 1]. As the Fu-Yau
equation (1.5), (5.1) is equivalent to a 2-nd Hessian type equation as (1.8).
For a fixed β ∈ (0, 1), we define the following sets of functions on M ,
B = {ϕ ∈ C2,β(M) | ‖e−ϕ‖L1 = A},
B1 = {(ϕ, t) ∈ B × [0, 1] | ϕ satisfies (5.2)},
B2 = {u ∈ Cβ(M) |
∫
M
uωn = 0}.
Then B1 is an open subset of B × [0, 1]. Since
∫
M
µωn = 0, we introduce a
map Φ : B1 → B2,
Φ(ϕ, t)ωn =
√−1∂∂(eϕω − tαe−ϕρ) ∧ ωn−2
+ nα
√−1∂∂ϕ ∧ √−1∂∂ϕ ∧ ωn−2 + tµω
n
n!
.
Let I be the set
{t ∈ [0, 1] | there exists (ϕ, t) ∈ B1 such that Φ(ϕ, t) = 0}.
Thus, to prove Theorem 1.1, it suffices to prove that I = [0, 1]. Note that
ϕ0 = − lnA is a solution of (5.1) at t = 0. Hence, we have 0 ∈ I. In the
following, we prove that the set I is both open and closed.
5.1. Openness. Suppose that tˆ ∈ I. By the definition of the set I, there
exists (ϕˆ, tˆ) ∈ B1 such that Φ(ϕˆ, tˆ) = 0. Let (DϕΦ)(ϕˆ,tˆ) be the linearized
operator of Φ at ϕˆ. Then we have
(DϕΦ)(ϕˆ,tˆ) : {u ∈ C2,β(M) |
∫
M
ue−ϕˆωn = 0} → {v ∈ Cβ(M) |
∫
M
vωn = 0}
and
(DϕΦ)(ϕˆ,tˆ)(u)ω
n =
√−1∂∂(ueϕˆω + tˆαue−ϕˆρ) ∧ ωn−2
+ 2nα
√−1∂∂ϕˆ ∧ √−1∂∂u ∧ ωn−2.
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We use the implicit function theorem to prove the openness of I. It suffices
to prove that (DϕΦ)(ϕˆ,tˆ) is injective and surjective. For convenience, we let
L : C2,β(M) → Cβ(M) be an extension operator of (DϕΦ)(ϕˆ,tˆ). First we
compute the formal L2-adjoint of L in the following.
For any u, v ∈ C∞(M), we have∫
M
vL(u)ωn
=
∫
M
v
(√−1∂∂(ueϕˆω + tˆαue−ϕˆρ) + 2nα√−1∂∂ϕˆ ∧ √−1∂∂u) ∧ ωn−2
=
∫
M
u
(
(eϕˆω + tˆαe−ϕˆρ) ∧ √−1∂∂v + 2nα√−1∂∂ϕˆ ∧ √−1∂∂v
)
∧ ωn−2.
This implies that
L∗(v)ωn =
√−1∂∂v ∧
(
(eϕˆω + tˆαe−ϕˆρ) + 2nα
√−1∂∂ϕˆ
)
∧ ωn−2.
By the strong maximum principle, it follows
KerL∗ = {Constant functions on M}.
Since the index of L is zero, we see that dimKerL = 1. Combining this
with the theory of linear elliptic equations, there exists a positive function
u0 ∈ C2,β(M) such that
KerL = {cu0 | c ∈ R}.
Hence, ∫
M
u0e
−ϕˆωn > 0 and u0 /∈ {u ∈ C2,β(M) |
∫
M
ue−ϕˆωn = 0},
which implies (DϕΦ)(ϕˆ,tˆ) is injective.
Next, for any v ∈ Cβ(M) such that ∫
M
vωn = 0, by the Fredholm alter-
native, there exists a weak solution u of the equation Lu = v. Moreover, by
the theory of linear elliptic equations, we see that u ∈ C2,β(M). Taking
c0 = −
∫
M
ue−ϕˆωn∫
M
u0e−ϕˆωn
.
Then
(DϕΦ)(ϕˆ,tˆ)(u+ c0u0) = L(u+ c0u0) = v and
∫
M
(u+ c0u0)e
−ϕˆωn = 0,
which implies (DϕΦ)(ϕˆ,tˆ) is surjective.
5.2. Closeness. Since 0 ∈ I and I is open, there exists t0 ∈ (0, 1] such
that [0, t0) ⊂ I. We need to prove t0 ∈ I. It suffices to prove the following
proposition.
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Proposition 5.1. Let ϕt be the solution of (5.1). If ϕt satisfies (5.2) and
(5.3), there exists a constant CA depending only on A, t0, ρ, µ, α, β and
(M,ω) such that
‖ϕt‖C2,β 6 CA.
Proof. First, we prove the zero order estimate. In fact, we have
Claim 2.
(5.4) sup
M
e−ϕt 6 2M0A, t ∈ [0, t0),
where M0 is the constant in Proposition 2.1.
Note that ϕ0 = − lnA. Then supM e−ϕ0 6 M0A, which satisfies (5.4).
Thus, if (5.4) is false, there will exist t˜ ∈ (0, t0) such that
(5.5) sup
M
e−ϕt˜ = 2M0A.
We may assume that 2M0A 6 δ0, where δ0 =
√
1
2|α|‖ρ‖
C0+1
is chosen as in
Proposition 2.1. Namely, e−ϕt˜ 6 δ0. Hence, we can apply Proposition 2.1
to ϕt˜ whlie ρ and µ are replaced by tρ and tµ, respectively, and we obtain
e−ϕt˜ 6M0A,
which contradicts to (5.5). This proves (5.4). Combining (5.4) and Propo-
sition 2.1, we obtain the zero order estimate
Next, we use the similar argument to prove the second order estimate
(5.6) sup
M
|∂∂ϕt|g 6 D0,
for any t ∈ (0, t0), where D0 is the constant as in Proposition 4.1. If (5.6) is
false, there exists t˜ ∈ (0, t0) such that
sup
M
|∂∂ϕt˜|g = D0.
Recalling Proposition 4.1, we get
sup
M
|∂∂ϕt˜|g 6
D0
2
,
which is a contradiction. Thus (5.6) is true.
By (5.6) and Proposition 3.1, we have the first order estimate
(5.7) sup
M
|∂ϕt|2g 6 C.
Combining (5.6) and (5.7) with equation (5.1) (Note that (5.1) is equivalent
to a 2-nd Hessian type equation as (1.8)), we get
(5.8)
∣∣∣∣σ2(ω˜)− n(n− 1)2 e2ϕ
∣∣∣∣ 6 Ceϕ.
Then, by the zero order estimate, we deduce
1
CA2
6 σ2(ω˜) 6
C
A2
.
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Hence, (5.1) is uniformly elliptic and non-degenerate. By the C2,α-estimate
(cf. [20, Theorem 1.1]), we obtain
(5.9) ‖ϕt‖C2,β 6 CA.

5.3. Uniqueness. In this subsection, we give the proof of Theorem 1.4.
First, we show the uniqueness of solutions to (5.1) when t = 0.
Lemma 5.2. When t = 0, (5.1) has a unique solution
ϕ0 = − lnA.
Proof. By the similar calculation of (2.5) (taking k = 1), we obtain∫
M
e−ϕ(eϕω + αe−ϕtρ) ∧√−1∂ϕ ∧ ∂ϕ ∧ ωn−2
6 2α
∫
M
e−2ϕ
√−1∂ϕ ∧ ∂(tρ) ∧ ωn−2 − 2
∫
M
e−ϕtµ
ωn
n!
.
When t = 0, it is clear that∫
M
√−1∂ϕ ∧ ∂ϕ ∧ ωn−1 = 0.
Combining this with the normalization condition ‖e−ϕ‖L1 = A, we obtain
ϕ0 = − lnA.

Proof of Theorem 1.4. Assume that we have two solutions ϕ and ϕ′ of (1.5).
We use the continuity method to solve (5.1) from t = 1 to 0. Note that ϕ
and ϕ′ are both solutions when t = 1. Then by the implicit function theorem
as in Subsection 5.1, there is a smooth solution ϕ1t (or ϕ
2
t ) of (5.1) for any
t ∈ (t0, 1] (t0 < 1) with the property ϕ11 = ϕ (or ϕ21 = ϕ′). Set
Jϕ = {t ∈ [0, 1] | there exists a family of smooth solutions ϕ1t′ of (5.1)
for any t′ ∈ [t, 1] such that ϕ11 = ϕ}.
From the argument in Section 2-4, we see that Proposition 2.1, Proposition
3.1 and Proposition 4.1 are still true for ϕ1t . As a consequence, Proposition
5.1 holds for ϕ1t . Thus Jϕ = [0, 1]. Similarly, Jϕ′ = [0, 1]. On the other
hand, thanks to Lemma 5.2, we have
ϕ10 = ϕ
2
0 = − lnA.
Hence ϕ1t = ϕ
2
t for any t ∈ [0, 1]. Theorem 1.4 is proved. 
It seems that the condition (1.10) in Theorem 1.4 can be removed. In
precise, we have the following conjecture.
Conjecture 5.3. The solution ϕ of (1.5) in Theorem 1.1 is unique.
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Remark 5.4. We remark that conjecture 5.3 is true if α < 0 and ρ >
0 in equation (1.5). In fact, by modifying the argument in the proof of
Proposition 2.1, we can get the C0-estimate for the solution ϕt of equation
(5.1) by the assumption of (1.6) and (1.7) in this case. Then by the C2-
estimate in [14, Proposition 5, Proposition 6], we can also obtain (5.9). We
will discuss it for details somewhere.
References
[1] D. Baraglia and P. Hekmati, Transitive Courant Algebroids, String Structures and
Tduality, Adv. Theor. Math. Phys. 19 (2015) 613–672.
[2] U. Bunke, String structures and trivialisations of a Pfaffian line bundle, Comm. Math.
Phys. 307 (2011) 675–712.
[3] S. Dinew and S. Ko lodziej, Liouville and Calabi-Yau type theorems for complex
Hessian equations, Amer. J. Math. 139 (2017), no. 2, 403–415.
[4] D. Freed, Determinants, torsion and strings, Commun. Math. Phys. 107 (1986), 483–
513.
[5] J.-X. Fu and S.-T. Yau, A Monge-Ampe`re-type equation motivated by string theory,
Comm. Anal. Geom. 15 (2007), no. 1, 29–75.
[6] J.-X. Fu and S.-T. Yau, The theory of superstring with flux on non-Ka¨hler manifolds
and the complex Monge-Ampe`re equation, J. Differential Geom. 78 (2008), no. 3,
369–428.
[7] E. Goldstein and S. Prokushkin, Geometric model for complex non-Ka¨hler manifolds
with SU(3) structure, Comm. Math. Phys. 251 (2004), no. 1, 65–78.
[8] M. Garcia-Fernandez, Torsion-free Generalized connections and heterotic supergrav-
ity, Comm. Math. Phys. 332 (2014) 89–115.
[9] M. Garcia-Fernandez, R. Rubio and C. Tipler, Infinitesimal moduli for the Stro-
minger system and killing spinors in generalized geometry, Math. Ann. 369 (2017),
no. 1-2, 539–595.
[10] F. R. Harvey and H. B. Lawson, Potential theory on almost complex manifolds, Ann.
Inst. Fourier (Grenoble) 65 (2015), no. 1, 171–210.
[11] Z. Hou, X.-N. Ma and D. Wu, A second order estimate for complex Hessian equations
on a compact Ka¨hler manifold, Math. Res. Lett. 17 (2010), no. 3, 547–561.
[12] J. Li and S.-T. Yau, The existence of supersymmetric string theory with torsion, J.
Differential Geom. 70 (2005), no. 1, 143–181.
[13] D. H. Phong, S. Picard and X. Zhang, On estimates for the Fu-Yau generalization of
a Strominger system, to appear in J. Reine Angew. Math.
[14] D. H. Phong, S. Picard and X. Zhang, The Fu-Yau equation with negative slope
parameter, Invent. Math. 209 (2017), no. 2, 541–576.
[15] M. Reid, The moduli space of 3-folds with K = 0 may nevertheless be irreducible,
Math. Ann. 278 (1987), 329–334.
[16] C. Redden, String structures and canonical 3-forms, Pacific J. Math. 249 (2011)
447–484.
[17] H. Sati, U. Schreiber and J. Stasheff, Twisted differential string and fivebrane struc-
tures, Comm. Math. Phys. 315 (2012) 169–213.
[18] A. Strominger, Superstrings with torsion, Nuclear Phys. B 274 (1986), no. 2, 253–284.
[19] G. Sze´kelyhidi, Fully non-linear elliptic equations on compact Hermitian manifolds,
to appear in J. Differential Geom.
[20] V. Tosatti, Y. Wang, B. Weinkove and X. Yang, C2,α estimate for nonlinear elliptic
equations in complex and almost complex geometry, Calc. Var. Partial Differential
Equations 54 (2015), no. 1, 431–453.
24 J. CHU, L. HUANG, AND X. ZHU
[21] E. Witten, Global Gravitational Anomalies, Comm. Math. Phys. 100 (1985), 197–
229.
[22] S.-T. Yau, Complex geometry: Its brief history and its future, Science in China Series
A Mathematics 48 (2005), 47–60.
[23] D. Zhang, Hessian equations on closed Hermitian manifolds, to appear in Pacific J.
Math.
Institute of Mathematics, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing 100190, P. R. China
E-mail address: chujianchun@gmail.com
School of Mathematical Sciences, University of Science and Technology
of China, Hefei 230026, P. R. China
E-mail address: huangld@mail.ustc.edu.cn
School of Mathematical Sciences, Peking University, Yiheyuan Road 5, Bei-
jing 100871, P. R. China
E-mail address: xhzhu@math.pku.edu.cn
